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A method for ob tain ing an op ti mal con crete con tainer com po si tion used for stor ing ra dio ac -
tive waste from nu clear power plants is de vel oped. It is ap plied to the radionuclides 60Co,
137Cs, 85Sr, and 54Mn. A set of rec i pes for con crete com po si tion lead ing to an op ti mal so lu tion
is given.
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INTRODUCTION
Ra dio ac tive waste has a high neg a tive in flu ence
on the en vi ron ment [1-3]. Due to this, it has to be prop -
erly con di tioned in or der to as sure haz ard-free trans -
port and stor age. This re quires care ful han dling of the
waste, i. e. the em ploy ment of ad e quate im mo bi li za -
tion and pack ag ing tech niques. As a re sult of proper
im mo bi li za tion, ra dio ac tive waste is packed into a
more de sir able form de fined by sev eral im por tant
char ac ter is tics, the most no ta ble be ing: leach ing rate,
per me abil ity, and me chan i cal strength [1-6] which can 
be di rectly mea sured. The leach ing rate, usu ally ob -
tained by leach ing tests, used to help as sess the abil ity
of a pol lut ant to par ti tion from a waste into a sur round -
ing liq uid me dium, is ex pressed by the in cre men tal
leach ing rate R, while per me abil ity per tains to the
prop erty of a po rous ma te rial char ac ter iz ing the case in 
which a fluid may be made to flow through the ma te -
rial by an ap plied pres sure gra di ent, ex pressed by the
co ef fi cient of per me abil ity K. The me chan i cal char ac -
ter is tics of im mo bi li za tion are ob tained by test ing the
con crete com pres sive strength, which is a clas si cal
method prac ticed in civil en gi neer ing. In our in ves ti -
ga tion the cube-shaped con crete sam ples of 10 cm ×
×.10 cm × 10 cm were used.
The re sults of the mea sure ments for a num ber of
var i ous con crete con tain ers are pre sented in this pa per. 
Us ing the ob tained re sults as a ba sis, we pro pose a
novel method for achiev ing a broad range of op ti mal
con crete com po si tions and dis cuss the im pli ca tions of
our find ings.
Experiment
A de tailed de scrip tion of the ex per i men tal set-up 
is given in [1, 2, 7], along with a thor ough de scrip tion
of mea sured quan ti ties: M – me chan i cal strength
[MPa],  K – per me abil ity [cm2], and R – leak age rate
[cm d–1]. The an a lyzed con crete sam ples were made of
fol low ing in gre di ents:
– port land ce ment, PC-20Z 45 MPa (fur ther on, de -
noted as C1) and portland ce ment, PC-55 45 MPa
(de noted as C2),
– sand and gran u late,
– water at tested ac cord ing to Ser bian stan dards, and
– additives: fluidal VX-OC and superfluidal.
The ex act in gre di ents and ini tial ra dio ac tiv ity A0 [Bq] 
of the an a lyzed con crete sam ples are shown in tab. 1.
Ex per i men tal re sults for the an a lyzed con crete
com po si tions of con crete con tain ers for mu la tions are
given in tab. 2.
In or der to pre cisely parameterize each con crete
com po si tion, we have in tro duced vari ables p1, p2, p3,
and p4 which cor re spond to a 0-2 mm per cent age of
sand and 2-4 mm, 4-8 mm, and 8-15 mm per cent age of
gran u late frac tions, re spec tively. The weight of the ce -
ment, wa ter and ad di tives was kept con stant, while
sam ples of the con crete were pre pared for ex per i men -
tal mea sure ments and can not, there fore, be used for
the parameterization of other con crete sam ples.
Comparison of various
concrete groups and the choice
of an optimal concrete composition
As noted in the pre vi ous Sec tion, quan ti ties p1,
p2, p3, and p4, can be used to de fine a rec ipe for con -
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crete con tainer com po si tion. As they sum to unity and,
in ad di tion p2 = 0.11p1 (ac cord ing to civil en gi neer ing
stan dards), only two of these pa ram e ters are in de pend -
ent.  Based on data from tab. 1, the choice was made to
use the two pa ram e ters that span the para met ric space
most evenly, namely p1 and p3.
It is ev i dent that the per me abil ity and leak age
rate should be min i mized and me chan i cal strength
max i mized. These phys i cal re quire ments in flu ence
the form of the ob jec tive func tion, F(M, K, R) = Kq ⋅
⋅Rr/M s which al lows one to di rectly com pare two dif -
fer ent con crete com po si tions. Since for our prac ti cal
pur poses me chan i cal strength M is more im por tant
than per me abil ity K and leak age rate R, the ob jec tive
func tion is se lected as fol lows: F(M, K, R) = K⋅R/M 3.
More de tails on the form of the ob jec tive func tion can
be found in [1, 2, 7].
Based on ex per i men tal re sults shown in tab. 2
and the cho sen ob jec tive func tion, it is pos si ble to
com pare var i ous con crete com po si tions. In our ex per -
i ment, four groups of con crete were stud ied, each
com prised of a dif fer ent com bi na tion of port land ce -
ment (C1 or C2) and ad di tives (fluidal VX-OC and
superfluidal). In each group, a to tal of 10 mix tures
were made, the rec i pes for each given in tab. 1. The
goal is to en able one to de ter mine op ti mal pa ram e ters
p1, p2, p3, and p4 for which the ob jec tive func tion will
be within a spec i fied range. To make the pro cess of fit -
ting of ex per i men tal data given in tab. 2 eas ier, the fol -
low ing log a rithm of the ob jec tive func tion was used
f KR
M
K R M= 

 = + −log log( ) log( ) log( )3 3 (1)
The two mix tures (1 and 2) de scribed by the set
of val ues (M1, K1, R1) and  (M2, K2, R2), re spec tively,
(ob tained from stan dard ized mea sure ments), are com -
pared by cal cu lat ing the ob jec tive func tion f. The mix -
ture with a lower value of the cor re spond ing func tion f
is taken to be a better qual ity con crete com po si tion.
Next, func tion f was fit ted in side the con vex hull
spanned by pa ram e ters p1 and p3 for each group of
con cretes. Based on these re sults, the op ti mal so lu tion
can be eas ily found. For com plete ness, the method of
fit ting is de scribed next.
METHOD OF FITTING
We will use the method of fit ting based on
B-splines. In or der to in tro duce the pre cise ter mi nol -
ogy, we give a ba sic spline def i ni tion first [8]:
Def i ni tion: Given n >0, k ≥ 1 and a non-de creas -
ing se quence of real num bers, U = (u0, u1, ..., un + k), the
knot vec tor here af ter, we de fine the func tions Ni,k : R →
→ R, 0 ≤ i ≤ n, re cur sively, as fol lows
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If the di vi sion by zero oc curs in any of the terms
of the al go rithm, the term should be re placed by a zero. 
The func tion Ni,k (u) is called i-th B-spline or the
B-spline ba sis func tion, of or der k and k – 1 de gree
with re spect to knot vec tor U.
In this work we have used B-splines of or der 2 in
both para met ric di rec tions, with a knot vec tor [505.0,
505.0, 842.0, 842.0] for the p1 pa ram e ter and knot vec -
tor [300.0, 300.0, 596.0, 596.0] for the p3 pa ram e ter.
Hence, func tion f is given by
f p p C N p N pi j i j
i j
( , ) ( ) ( ), , ,
,
1 3 2 1 2 3= ∑ (4)
where, co ef fi cients Ci,j are ob tained us ing the
least-squares method and data from tab. 2. The de -
scribed method al lows the use of both smaller and
larger ex per i men tal datasets, while not in creas ing the
spline or der. In this man ner, it is pos si ble to set the de -
gree of the fit ting sur face in ad vance, in de pend ently
from the num ber of mea sure ment points.
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Table 1. Analyzed samples of concrete containers C, calculated as grams per 1000 cm3 of concrete
C1 C2 C3 C4 C5 C6 C7 C8 C9 C10
Cement Portland [g] 390 390 395 395 400 400 405 405 410 410
Sand 0-2 mm 838 600 655 505 670 842 672 525 750 580
Aggregate 2-4 mm 90 66 69 56 67 91 73 57 80 65
Aggregate 4-8 mm 550 596 417 495 450 575 300 430 410 466
Aggregate 8-15 mm 500 725 803 940 770 460 903 980 720 840
Water [ml] 165 165 170 170 185 185 190 190 195 195
Additive [ml] 4 4 4 4 4 4 4 4 4 4
60Co [MBq] 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7
137Cs [MBq] 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7
85Sr [MBq] 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7
54Mn [MBq] 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7
CHOICE OF OPTIMAL SOLUTION
Shaded con tour plots for the 4 groups of con crete
com po si tions are shown in fig. 1. Note that the fit (4) is
only used in side the con vex hull de fined by para met ric
points (p1, p3) and not over the en tire rect an gu lar
bound ing box. This is done so as to pre vent unphysical
so lu tions (with neg a tive M, K, and R) in ar eas with low
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Table 2. Mechanical characteristics M, coefficient of permeability K, and leach rate measurements R, after 180 days, for
ten concrete container compositions
Cement Portland and Additive Sample M [MPa]* K [cm2]** R [cm/d]**
C1, fluidal VX-OC 1 38.1 4.20⋅10–12 5.50⋅10–5
C1, fluidal VX-OC 2 37.9 6.80⋅10–12 3.30⋅10–5
C1, fluidal VX-OC 3 37.1 6.50⋅10–12 6.00⋅10–5
C1, fluidal VX-OC 4 38.4 2.60⋅10–12 8.30⋅10–5
C1, fluidal VX-OC 5 39.2 7.10⋅10–13 5.20⋅10–5
C1, fluidal VX-OC 6 40.6 1.80⋅10–11 6.00⋅10–5
C1, fluidal VX-OC 7 40.0 6.54⋅10–13 4.40⋅10–5
C1, fluidal VX-OC 8 44.0 7.10⋅10–13 9.30⋅10–5
C1, fluidal VX-OC 9 46.0 6.00⋅10–13 5.40⋅10–5
C1, fluidal VX-OC 10 48.0 6.30⋅10–13 4.20⋅10–5
C1, superfluidal 1 37.4 3.68⋅10–13 2.40×10–5
C1, superfluidal 2 37.8 4.05⋅10–12 5.70⋅10–5
C1, superfluidal 3 40.3 3.64⋅10–13 4.50⋅10–5
C1, superfluidal 4 40.0 6.24⋅10–13 6.90⋅10–5
C1, superfluidal 5 40.6 5.76⋅10–13 7.90⋅10–5
C1, superfluidal 6 41.3 4.05⋅10–12 8.20⋅10–5
C1, superfluidal 7 42.0 4.95⋅10–12 3.10⋅10–5
C1, superfluidal 8 43.0 6.03⋅10–13 3.30⋅10–5
C1, superfluidal 9 46.1 3.36⋅10–13 5.20⋅10–5
C1, superfluidal 10 47.0 4.25⋅10–13 3.40⋅10–5
C2, fluidal VX-OC 1 42.1 5.80⋅10–13 3.40⋅10–5
C2, fluidal VX-OC 2 41.9 3.15⋅10–13 6.90⋅10–5
C2, fluidal VX-OC 3 41.1 1.88⋅10–13 8.60⋅10–5
C2, fluidal VX-OC 4 42.4 3.86⋅10–13 9.30⋅10–5
C2, fluidal VX-OC 5 43.2 3.66⋅10–13 7.40⋅10–5
C2, fluidal VX-OC 6 44.6 5.50⋅10–13 2.30⋅10–5
C2, fluidal VX-OC 7 44.0 7.43⋅10–13 1.30⋅10–5
C2, fluidal VX-OC 8 46.0 5.17⋅10–13 2.70⋅10–5
C2, fluidal VX-OC 9 47.0 6.90⋅10–13 2.20⋅10–5
C2, fluidal VX-OC 10 49.0 8.98⋅10–13 1.40⋅10–5
C2, superfluidal 1 43.2 5.30⋅10–13 3.30⋅10–5
C2, superfluidal 2 45.2 3.07⋅10–13 2.50⋅10–5
C2, superfluidal 3 43.0 3.12⋅10–13 6.86⋅10–5
C2, superfluidal 4 44.2 5.01⋅10–13 5.60⋅10–5
C2, superfluidal 5 46.2 4.41⋅10–13 8.80⋅10–5
C2, superfluidal 6 45.6 5.10⋅10–13 3.60⋅10–5
C2, superfluidal 7 45.0 3.81⋅10–13 8.80⋅10–5
C2, superfluidal 8 47.0 3.62×10–13 7.90⋅10–5
C2, superfluidal 9 47.0 5.10⋅10–13 7.90⋅10–5
C2, superfluidal 10 49.1 2.88⋅10–13 8.90⋅10–5
*Mea sured af ter 28 days; **Mea sured af ter 300 days
val ues of the objective func tion which would be a re sult
of an ex trap o la tion out side of the (p1, p3) con vex hull.
Pa ram e ter ar eas with low (de sired) val ues of
func tion  f are shown in a darker col our, while the ar eas 
with higher (un de sired) val ues of func tion f are shown
in a brighter col our. All 4 plots cor re spond ing to the 4
dif fer ent com bi na tions of ce ment/ad di tive have the
same num ber of isolines (9 isolines, and a sin gle line
de gen er at ing to the min i mal point of the con vex hull,
where the level of each isoline is shown on the line it -
self and, more pre cisely, in the figure leg end). Isolines
di vide the para met ric space into 10 re gions, where
each re gion can be con sid ered as be ing of an ap prox i -
mately equal qual ity con crete com po si tion. Here, the
terms better or equal qual ity mean a smaller or equal
value of the ob jec tive func tion.
In ad di tion to find ing an op ti mal so lu tion within
a sin gle group of con crete com po si tions, it is also pos -
si ble to de ter mine the best so lu tion for all 4 groups.
For ex am ple, look ing at fig. 1(a), we ob serve that the
op ti mal mix ture has an ob jec tive func tion in ranges
[–21.439, –21.296], and that the re gion of the op ti mal
val ues of pa ram e ters p1 and p3 is bounded by the con -
vex hull and the first 2 isolines (note again that the first
line has de gen er ated be cause the ex trap o la tion was n’t
used). Com par ing the re gions with the low est val ues
of the ob jec tive func tion in all four groups of con crete
com po si tions, it can be seen that groups 3 and 4, where 
Port land ce ment C2 was used, have an ad van tage over
groups 1 and 2 in which Port land ce ment C1 was the
one ap plied. With groups 3 and 4 iso lated as the best
can di dates for an op ti mal so lu tion, it is in ter est ing to
note that the para met ric range of the high est qual ity re -
gion dif fers en tirely in these two cases, lead ing to the
con clu sion that ad di tives can play a cru cial role in the
qual ity of ce ment com po si tion. This fact can be used to 
de ter mine which ce ment and ad di tive to use when the
per cent age of 0-2 mm sand (p1) and a per cent age of
gran u late (p2, p3, and p4) is given and vice versa.
CONCLUSIONS AND DISCUSSION
In the pres ent pa per, a thor ough study of con -
crete com po si tions used in low and in ter me di ate level
waste con di tion ing is pre sented. The com par i son of
con crete com po si tions, where each com po si tion is de -
scribed via ex per i men tally ob tained me chan i cal
strength, per me abil ity and leak age rate, was made
pos si ble by a suit ably de fined ob jec tive func tion. The
ob jec tive func tion was fit ted by means of the B-spline
sur face across the con vex para met ric re gion which
spans the space in which the op ti mal so lu tion is to be
sought. The con tin u ous ob jec tive func tion ob tained
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Fig ure 1. Plot of f (p1, p3) for the ce ment com po si tion us ing
(a) – ce ment C1 and ad di tive fluidal, (b) – ce ment C1 and aditive superfluidal, (c) – ce ment C2 and ad di tive fluidal, (d) – ce ment C2
and ad di tive superfluidal
for the 4 com bi na tions of ce ment and ad di tives en ables 
a di rect com par i son of com po si tions be long ing ei ther
to the same or a dif fer ent com bi na tion. Com po si tions
in volv ing port land ce ment PC-55 45 MPa (C2) turned
out to be a better choice than the ones in volv ing port -
land ce ment PC-20Z 45 MPa (C1), as far as the de fined
ob jec tive func tion is con cerned. Among the com po si -
tions us ing the spec i fied ce ment and ad di tives, the pre -
cise range was given for a per cent age of 0-2 mm sand
(p1) and a per cent age of gran u late (p2, p3, and p4) that
gives an op ti mal mix ture.
It should also be noted that a min i mum of the ob -
jec tive func tion in the strict math e mat i cal sense was
not ob served, be cause it is not pres ent in the con sid -
ered con vex hull. The ob jec tive func tion as sumes
smaller val ues near the bound aries of the pa ram e ter
space, but not the lo cal min i mum. This sug gests that
fur ther mea sure ments in a broader range of pa ram e ter
space would be de sir able. Such re sults would al low a
more com plete op ti mi sa tion.
In pa pers [1, 7], it was claimed that a true min i -
mum of the ob jec tive func tion is an a lyt i cally ob tained. 
How ever, this con clu sion is some what de ceiv ing be -
cause it sup poses lin ear dependences of M and K as
func tions of L [7]. Since this lin ear fit ting is un re li able, 
even a slight change of co ef fi cients in cor re spond ing
lin ear func tions may lead to a dras tic change of the po -
si tion of the min i mum ob tained in this man ner and,
some times, even ren der unphysical re sults. In the
method used in the pres ent pa per, the de pend ency of M
and K as func tions of L is not sup posed, be cause there
are no phys i cal grounds for such a de pend ency, es pe -
cially not a lin ear one. In this sense, the pro posed novel 
ap proach where the de pend ence of the ob jec tive func -
tion of in de pend ent pa ram e ters is ex plic itly used
should be con sid ered as a new and sig nif i cant step to -
wards a more re li able op ti mi sa tion pro ce dure. To
avoid the draw backs of the ear lier un re li able an a lytic
ap proaches, by us ing de riv a tive func tions, we have in -
tro duced a cor re spond ing graph i cal pre sen ta tion,
rather than an an a lyt i cal treat ment of the prob lem.
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Ilija PLE]A[, Laslo J. NA\\ER\, Milo{ D. DAVIDOVI]
MATEMATI^KO  MODELOVAWE  FIZI^KO-HEMIJSKIH
KARAKTERISTIKA  BETONSKIH  KONTEJNERA ZA  POTREBE
RUKOVAWA  RADIOAKTIVNIM  OTPADOM
Otpad niskog i sredweg nivoa ~ini 90% ukupnog radioaktivnog otpada i odla`e se u
specijalne betonske kontejnere. Po{to ovi kontejneri treba da bezbedno ~uvaju radioaktivni
otpad u periodu oko 300 godina, odabir i precizna kontrola fizi~kih i mehani~kih
karakteristika materijala od velike su va`nosti. U ovom radu, prikazan je matemati~ki model
sastava betonskog kontejnera koji se koristi za skladi{tewe radioaktivnog otpada iz nuklearnih
elektrana. Predstavqena je optimizacija matrice od maltera poja~anog bentonitskom glinom, koja 
se koristi za imobilizaciju radionuklida 60Co, 137Cs, 85Sr, i 54Mn. Dat je skup mogu}ih sastava
betona koji dovode do optimalnog re{ewa, a koji su bazirani na rezultatima merewa.
Kqu~ne re~i: beton, otpad, propustqivost, mehani~ka karakteristika, test curewa
